For a given graph H, a graph G is H-linked if, for every injection ϕ : V (H) → V (G), the graph G contains a subdivision of H with ϕ(v) corresponding to v, for each v ∈ V (H). Let f (H) be the minimum integer k such that every k-connected graph is H-linked. Among graphs H with at least four vertices, the exact value f (H) is only know when H is a path with four vertices or a cycle with four vertices. A kite is graph obtained from K4 by deleting two adjacent edges, i.e., a triangle together with a pendant edge. Recently, Liu, Rolek and Yu proved that every 8-connected graph is kite-linked. The exact value of f (H) when H is the kite remains open. In this paper, we settle this problem by showing that every 7-connected graph is kite-linked.
Introduction
All graphs in this paper are simple and finite. A graph G is k-connected if G remains connected after deleting at most k − 1 vertices of G. The well-known Menger's Theorem states that a graph G is k-connected if and only if there exists k disjoint paths between any pair of disjoint vertex subsets of size at least k. A graph G is k-linked if, for any given 2k distinct vertices s 1 , t 1 , s 2 , t 2 , . . . , s k , t k , there are k disjoint paths P 1 , . . . , P k such that each P i joins s i and t i . Clearly, a k-linked graph is k-connected, but not vice versa. Let f (k) be the minimum value t such that every t-connected graph is k-linked. The existence of the function f (k) follows from a series of papers by Larman and Mani [9] , Jung [7] and Mader [11] . The first linear bound f (k) ≤ 22k was obtained by Bollobás and Thomason [1] , which was improved to f (k) ≤ 12k by Kawarabayashi, Kostochka and G. Yu [8] and to f (k) ≤ 10k by Thomas and Wollan [18] .
For 2-linked graphs, Jung [7] showed that a 4-connected non-planar graph is 2-linked and established that f (2) = 6. A characterization for non-2-linked graphs is obtained independently by Seymour [16] and Thomassen [17] . Theorem 1.1 (Jung, [7] ). Every 6-connected graph is 2-linked.
The value f (k) remains unknown for all k ≥ 3. For 3-linked graphs, Thomas and Wollan [19] proved that every 6-connected graph G with at least 5|V (G)|−14 edges are 3-linked, which implies that every 10-connected graph is 3-linked.
Let H be a given graph. A graph G is H-linked if, for every injection ϕ : V (H) → V (G), the graph G contains a subdivision of H with ϕ(v) corresponding to v for each v ∈ V (H). The definition of H-linkage generalizes k-linkage. A graph is k-linked if H is a union of k independent edges, i.e., k copies of K 2 . For a given graph H, let f (H) be the minimum integer α such that every α-connected graph is H-linked. It follows immediately that f (
and, in fact, this trivial lower bound is tight. For example, let H be a star (i.e., K 1,t ), then f (H) = t which follows from Menger's Theorem. By the result of Thomas and Wollan [18] on the bound of f (k), it follows that f (H) ≤ 10|E(H)|. So, we have the following observation.
For small graphs other than K 1,t , f (K 3 ) = 3 which follows from the classic result of Dirac [2] that every k-connected graph has a cycle through any k vertices. It becomes nontrivial to determine the exact value f (H) when H has more than three vertices. Ellingham, Plummer and G. Yu [3] determined f (P 4 ) = 7 where P 4 is a path with four vertices. So f (H) ≥ 7 if H = K 1,3 has at least four vertices. In [12] , McCarty, Wang and X. Yu show f (C 4 ) = 7, which was originally conjectured by Faudree [4] . Very recently, Liu, Rolek and G. Yu [10] show that every 8-connected graph is kite-linked, where kite is a graph obtained from K 4 by deleting two adjacent edges. So 7 ≤ f (H) ≤ 8 if H is the kite. The proofs of these results where H is P 4 , C 4 , or the kite in [3, 10, 12] are based on fine structures of 3-planar graphs and obstructions developed in [16, 20, 21, 22] .
The H-linkage problem has also been studied for special families of graphs. Goddard [5] showed that a 4-connected plane triangulation is C 4 -linked. This theorem was extended to all surface triangulations by Mukae and Ozeki [13] . Ellingham, Plummer and G. Yu [3] strengthen Goddard's result by proving that a 4-connected plane triangulation is K − 4 -linked, where K − 4 denotes the graph obtained from K 4 by deleting one edge.
The exact value f (H) when H is the kite remains open. In this paper, we settle this problem by proving the following result. 
Proof of Theorem 1.3
In this section, we are going to prove Theorem 1.3. Before proceeding to the proof, we need some results from [6, 14] and [10] .
Let G be a graph and S ⊂ V (G). Suppose x ∈ V (G) − S. A k-fan between x and S consists of k internally disjoint paths joining x and k distinct vertices of S such that each of the k paths meets S in exactly one
vertex. An important result on connectivity due to Perfect [14] states that, if a graph G has a k-fan between
x and S, then any (k − 1)-fan between x and S can be extended to a k-fan such that the end vertices of the (k − 1)-fan are maintained in the k-fan. The following result is a special case of a generalized version of Perfect's Theorem proved in [6] (Theorem 2.3).
Theorem 2.1. Let G be a graph, and let x ∈ V (G) and S ⊆ V (G)\{x} such that G has a k-fan between x and S. If S has a subset T of size k − t such that G has a (k − t)-fan between x and T , then there exists a vertex subset T ′ ⊆ S − T of size t such that G has a k-fan between x and T ∪ T ′ .
Definition. Let x 1 , x 2 , x 3 and x 4 be four give vertices of a graph G. A (x 1 , x 2 , x 3 , x 4 )-flower consisting of three cycles C 1 , C 2 , C 3 and three vertex-disjoint paths P 1 , P 2 , P 3 such that:
(1) x 1 ∈ C 1 , x 3 ∈ C 2 , C 1 ∩ C 2 = x 2 , and C 3 containing x 4 is disjoint from both C 1 and C 2 ;
(2) each path P i , internally disjoint from the three cycles, joins the vertex x i to a vertex v i ∈ C 3 for i ∈ [3] such that v 1 , v 2 , v 3 , x 4 are four different vertices appearing on C 3 in order. has degree 1 in K and x 2 has degree 3 in K.
Now, we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Let G be a 7-connected graph. Suppose to the contrary that G is not kite-linked. So G has four vertices x 1 , x 2 , x 3 and x 4 such that G has no a kite-subdivision K in which x 4 has degree 1 and x 2 has degree 3.
By Menger's Theorem, G has seven internally disjoint paths from x 2 to {x 1 , x 3 , x 4 } such that three of them, denoted by Q i (i ∈ [3]), connect x 2 and x 1 , another three, denoted by R i (i ∈ [3]), connect x 2 and x 3 , and the remaining one S connects x 2 and x 4 . For convenience, let
Since G is 7-connected, Menger's Theorem implies that there is a 7-fan between x 4 and R ∪ Q. Note that, the path S is internally disjoint from R ∪ Q. Applying Theorem 2.1 to x 4 and R ∪ Q, it follows that G has a 7-fan between x 4 and R ∪ Q, which contains a path P from x 4 to x 2 . By symmetry, assume that the 7-fan between x 4 and R ∪ Q contains at least three paths from x 4 to Q. Let W 1 , ..., W t be all paths in the 7-fan from x 4 to Q, and let w 1 , ..., w t be the landing vertices of these paths on Q. Then t ≥ 3, and at least two of w 1 , ..., w t are different from x 1 . Without loss of generality, assume that w 1 , Proof of Claim 1. Suppose G has an (x 1 , x 3 )-path P ′ which does not intersect P . Then P ′ has a subpath which joins a vertex u from some Q i and a vertex w from some R j and is internally disjoint from R ∪ Q. Note that u could be x 1 if P ′ is internally disjoint from Q, and w could be x 3 if P ′ is internally disjoint from R. Without loss of generality, assume that i = 1 if u = x 1 and j = 1 if w = x 3 . Then
together with the path P is a desired kite-subdivision, a contradiction to the choice of G as a counterexample. So Claim 1 follows.
Since G is 7-connected, it follows from Theorem 1.1 that G is 2-linked. Hence, G has two disjoint paths L and L ′ such that L joins x 1 and x 3 , and L ′ joins x 2 and x 4 . Note that L does not contain x 2 and x 4 . By Claim 1, L intersects the path P . It follows that P is not a single edge x 2 x 4 .
Traverse along the path L from x 1 to x 3 . Let u be the last intersecting vertex of L and Q ∪ W , and v be the last intersecting vertex of L and P , and w be the first intersecting vertex of L and R after v. (Note that u could be x 1 and w could be x 3 .) By Claim 1, u, v and w appear in order along L in the direction from x 1 to x 3 .
By these assumptions,
Without loss of generality, we further assume
Claim 2. All vertices w 1 , ..., w t belong to the same path from Q 1 , Q 2 and Q 3 .
Proof of Claim 2. Suppose to the contrary that at least two of w 1 , ..., w t belong to different paths. Without loss of generality, assume w 1 ∈ Q 1 and w 2 ∈ Q 2 .
If u ∈ Q i for some i ∈ [3] , at least one of Q 1 and Q 2 is different from
, then assume the landing vertex w i of W i on Q belongs to Q j for some j ∈ [3] . Then at least one of Q 1 and Q 2 is different from Q j , say Then G has a desired kite-subdivision consisting of the cycle
, a contradiction again. This completes the proof of Claim 3.
By Claim 2, we may assume that w 1 , . . . , w t appear on Q 1 in order in the direction from x 2 to x 1 . By Claim 3, it follows that u, w 1 , . . . , w t appear on Q 1 in order if u ∈ Q 1 , and u ∈ W 1 if u / ∈ Q 1 . (See Figure 1. ) First, assume that u ∈ Q 1 . Note that u could be w 1 , and w t could be x 1 . Since t ≥ 3 and w 2 is different from w 1 and w t , it holds that w 2 / ∈ {u, x 1 }. appear on C 3 in order. So G has an (x 1 , x 2 , x 3 , x 4 )-flower. By Lemma 2.2, G has a desired kite-subdivision, a contradiction.
So, in the following, assume that u ∈ W 1 . Then G has an (x 1 , x 2 , x 3 , x 4 )-flower: 4 ], and C 1 , C 2 , P 1 , P 2 , P 3 are the same as described above. By Lemma 2.2, G has a desired kite-subdivision, a contradiction. This completes the proof.
